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ABSTRACT
In this paper we carry out anisotropic “separate universe” simulations by including a large-
scale tidal field in the N-body code GADGET4 using an anisotropic expansion factor Aij . We
use the code in a pure particle-mesh (PM) mode to simulate the evolution of 16 realizations
of an initial density field with and without a large-scale tidal field, which are then used to
measure the response function describing how the tidal field influences structure formation in
the linear and non-linear regimes. Together with the previously measured response to a large
scale overdensity, this completely describes the nonlinear matter bispectrum in the squeezed
limit. We find that, contrary to the density response, the tidal response never significantly
exceeds the large-scale perturbation-theory prediction even on nonlinear scales for the redshift
range we discuss. We develop a simple halo model that takes into account the effect of the tidal
field and compare it with our direct measurement from the anisotropic N-body simulations.
Key words: methods: numerical - cosmology: large-scale structure of Universe.
1 INTRODUCTION
Modern large-scale galaxy surveys offer a precise measurement of
the density distribution of galaxies and matter, using a variety of
probes like baryon acoustic oscillations (BAO), redshift space dis-
tortions (RSD), and gravitational lensing. With this data they aim to
understand the cause of the accelerated expansion, and the physics
of the early universe (e.g. Inflation), as well as to measure the cur-
vature of the universe and the nature of primordial fluctuations.
This information is normally inferred from n-point statistics
that compress the information contained in the underlying field.
The simplest of these statistics is the two-point correlation func-
tion ξ(~x) with its Fourier counterpart, the power spectrum P (k) ∝〈
δ(~k)δ(~k′)
〉
. Given the initial conditions provided by the cosmic
microwave background (CMB), this provides a possibility to con-
strain the time-evolution of structure in the universe. At early times,
when linear perturbation theory accurately describes the structure
evolution of large scales, the power spectrum does fully specify the
underlying field. However at late times, when structure formation
becomes non-linear, at least in the standard ΛCDM model, pertur-
bation theory breaks down and cannot fully describe the structure
seen in galaxy surveys.
To unleash the full potential of large-scale galaxy surveys, a
better understanding of the non-linear evolution is necessary. In fi-
nite volume surveys there are effects from large-scale perturbations
which are not directly observable. These fluctuations, even though
they have small amplitudes, modify structure on smaller scales due
to the non-linear mode coupling that needs to be included in the
? E-mail: aschmidt@mpa-garching.mpg.de
analysis. There are two leading effects that come into play. The
first is due to a coherent large-scale over- or underdensity in which
the survey volume is embedded. The effect of a change in overden-
sity has been well studied using “separate universe simulations,”
N-body simulations with a modified set of cosmological parameters
implementing the gravitational effect of the large-scale overdensity
(e.g. Frenk et al. 1988; McDonald 2003; Sirko 2005; Martino &
Sheth 2009; Gnedin et al. 2011; Li et al. 2014; Wagner et al. 2015b).
The second effect is a large-scale tidal field, which will make the
local statistics anisotropic. The effects from such a field have not
been studied in the quasi-linear and nonlinear regime, while for
the linear regime an expression for the influence has been obtained
from second-order perturbation theory (Akitsu et al. 2017; Barreira
& Schmidt 2017a) and has been further studied in this regime by Li
et al. (2017), and Akitsu & Takada (2017). The change in the angle
dependent 3D power spectrum is quantified by a response function
which is independent of wavenumber in the linear regime.
Akitsu et al. (2017) showed that large-scale tides produce an
anisotropic redshift space power spectrum which mimics RSD from
peculiar velocities and the Alcock-Paczynski distortion. To lin-
ear order the large-scale tidal field, being a quadrupole, does not
impact the angle averaged one-dimensional power spectrum and
only weakly affects the angle-averaged redshift space power spec-
trum. To measure the effects of tidal field directly, the angle de-
pendent three-dimensional power spectrum P (~k) has to be used.
The anisotropy of the power spectrum also contains information
on super-horizon perturbations (Byrnes et al. 2016) or statistical
anisotropies in the two-point correlation function originating from
physics of inflation (Jeong & Kamionkowski 2012). To disentan-
gle these primordial effects from the late-time effects of tidal fields
requires an accurate understanding of the latter. Further, the tidal
c© 2018 The Authors
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Figure 1. Thin slices of the density field of a sample simulation with a boxsize of 80 cMpc/h and a strong tidal field with λ = (−0.5, 0, 0.5). The left upper
panel shows a standard simulation without large-scale tidal field. The right upper panel shows the same initial conditions evolved using a strong tidal field in
comoving space. Here we see that most halos seem more elliptical than spherical and some structures are merged that are still separated in the standard case
along certain axes. The lower panel shows the tidal field simulation in physical space, where the axes are rescaled according to the anisotropic scale factors. In
physical space most halos appear spherical but on larger scales there is a clear alignment of structure with the tidal field. The color represents the overdensity
as given by the colorbar on the right.
response is an important ingredient in the covariance of the non-
linear matter power spectrum (Bertolini et al. 2016; Bertolini &
Solon 2016; Mohammed et al. 2017; Barreira & Schmidt 2017a,b).
Finally, Barreira et al. (2017) recently derived the super-sample co-
variance of weak lensing power spectra using the response function
approach. They showed that the super-sample covariance contains
significant contributions from the tidal field response. Hence, these
have to be included in any cosmic shear analysis. To address these
issues, we have therefore modified the particle-mesh (PM) part of
the code GADGET4 , to allow us to measure the response to large-
scale tidal fields up to k ∼ 2 h/cMpc, where here and through-
out cMpc stands for Mpc in comoving coordinates, and hence into
the non-linear regime. In the linear regime, we find that the mea-
sured response follows the theoretical prediction, but in the mildly
non-linear regime, we find a substantial suppression of the response
with respect to this linear prediction.
We structure our paper as follows. In Sec. 2 we set out our
description of the tidal field and its equivalence to an anisotropi-
cally expanding universe. Sec. 3 describes the implementation into
GADGET4 . We then discuss the definition of the response function
we are going to measure and compare to theory in Sec. 4. Further
in Sec. 5 we consider predictions for the response function, which
includes that of a simple halo model. The simulation setup is de-
scribed in Sec. 6, which is followed by a description of how we
measure the response in the simulations. Sec. 8 contains our results
and some discussion. Finally, in Sec. 9 we summarize our findings.
2 THE LARGE-SCALE TIDAL FIELD
The following describes the equations used to simulate a portion of
the universe which is embedded in a large-scale tidal field field.
Consider an FRW metric perturbed by a long-wavelength po-
tential perturbation Φ, which is defined as the perturbation to the
00 component of the metric. Its leading locally observable effects
are described by the corresponding tidal tensor
∂i∂jΦ(~x, t) = 4piGρbg Πij (1)
Πij = Kij,L +
1
3
δLδij =
∂i∂j
∇2 δL , (2)
where δL,Kij,L are the long-wavelength density and tidal pertur-
bation corresponding to Φ, respectively. Now consider the case
where the wavelength of this mode is much larger than the size of
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the simulation box. Then, we can approximate Πij as spatially (but
not temporally) constant. If Πij ∝ δij , equivalentlyKij,L = 0, the
long-wavelength density perturbation can be absorbed in modified
cosmological parameters, as derived in Baldauf et al. (2011); Dai
et al. (2015) and applied to simulations in Sirko (2005); Gnedin
et al. (2011); Li et al. (2014); Wagner et al. (2015b). That is,
even in the presence of the long-wavelength perturbation δL, the
background metric within the simulation retains its Friedmann-
Robertson-Walker (FRW) form,
ds2 = −dt2 + a2(τ)(1 + Kr2/4)−2δijdxidxj , (3)
where K is the curvature, and both a(τ) and K are modified by the
long-wavelength density perturbation.
In this paper, we are interested in the case Kij,L 6= 0. Con-
sider a homogeneous but anisotropic expanding spacetime,
ds2 = −dt2 +Aij(t)Ajk(t)dxidxk , (4)
where we will also write
Aij(t) = abg(t)αij(t) , (5)
where αij is a symmetric matrix encoding the scale factor pertur-
bation and abg is an isotropic “background” scale factor which
we will specify later. Eq. (4) is formally the metric describing a
Bianchi I spacetime. As shown in Ip & Schmidt (2017) however,
a Bianchi I spacetime is not equivalent to an FRW spacetime with
a tidal perturbation. Indeed, in order to source the αij in Eq. (5),
a significant anistropic stress is necessary, which is not present in
standard N-body simulations containing only non-relativistic mat-
ter.
However, since motions in large-scale structure are non-
relativistic, one can still use Eq. (4) to simulate the effect of
a long-wavelength tidal field. The spatially homogeneous metric
Eq. (4) offers the advantage of being compatible with the periodic
boundary conditions employed in N-body simulations. For this, we
choose αij(t) to match the time-time-component of the metric in
the comoving (Fermi) frame of the particles induced by a long-
wavelength tidal field Πij(t). This approach is related to the “fake
separate universe” approach considered by Hu et al. (2016) and
Chiang et al. (2016) for isotropic isocurvature perturbations due to
dark energy and/or neutrinos.
In order to derive this matching for a general time dependence
of the long-wavelength tidal field, we consider the geodesic devia-
tion. Particle trajectories can be written as
~x = ~q + ~s(~q, t) , (6)
where all coordinates are comoving with respect to abg, ~q is the
initial position and ~s(~q, 0) = 0. For non-relativistic particles in a
perturbed FRW spacetime with scale factor abg, the displacement
obeys
~¨s+ 2Hbg~˙s = −∇xΦ(~q + ~s) , (7)
where Hbg = a˙bg/abg, and ∇x indicates the gradient with re-
spect to the comoving coordinate Eq. (6). Taking the derivative of
this equation with respect to ~q yields the evolution of the geodesic
deviation Mij ≡ ∂q,jsi:
M¨ij + 2HbgM˙ij = −
(
δ kj +M
k
j
)
∂x,k∂x,iΦ . (8)
Now consider the motion of comoving test particles in an unper-
turbed anisotropic spacetime Eq. (4). In terms of physical coordi-
nates, their acceleration is
r¨i =
d2
dt2
(abgαij) x
j , (9)
where xj is the comoving coordinate with respect to the metric
Eq. (4), which is constant for comoving observers. On the other
hand, in terms of a fictitious FRW spacetime described by abg(t),
we have ri = abg(qi + si), so that this trajectory corresponds to a
Lagrangian displacement of
r¨i =
d2
dt2
[abg(qi + si)]
= a¨bg(qi + si) + 2a˙bgs˙i + abgs¨i . (10)
Equating the previous two equations, and using the relation
αijx
j = qi + si, we obtain
s¨i + 2Hbgs˙i = [2Hbgα˙ik + α¨ik] (α
−1)kj(q
j + sj) . (11)
Taking the derivative ∂/∂qj , and comparing with Eq. (8), immedi-
ately yields
∂x,i∂x,jΦ = − [2Hbgα˙ik + α¨ik] (α−1)kj . (12)
Thus, when restricting to non-relativistic matter, any given large-
scale tidal perturbation Πij(t) [Eq. (2)] can be treated as an effec-
tive anisotropic metric, with anisotropic scale factors determined by
an ordinary differential equation (ODE). So far, the “background”
scale factor abg(t) was merely a bookkeeping factor without phys-
ical relevance. We now identify it as the scale factor of the back-
ground cosmology with respect to which the tidal perturbation Πij
is defined. We then obtain
d
dt
(
a2bgα˙ij
)
= −3
2
Ωm0H
2
bg,0a
−1
bg (t)α
k
i Πki(t) , (13)
where we have rephrased the matter density ρbg ∝ a−3bg by using
the Friedmann equation for abg and defining the density parameter
Ωm0.
Now, we can use the freedom of rotating the simulation box
with respect to the global coordinates, in such a way that αij be-
comes diagonal:
Aij(t) =
a1 0 00 a2 0
0 0 a3
 = abg(t) diag (α1(t), α2(t), α3(t)) .
For simplicity we denote the diagonal elements of αij as α1,2,3.
With this, Eq. (13) becomes (see also Stücker et al. (2017))
α˙i = a
−2
bg ηi
η˙i = −3
2
Ωm0H
2
bg,0a
−1
bg (t)αi(t)Πii(t) , (14)
where i ∈ {1, 2, 3}, and there is no summation over i. Eq. (14)
describes a set of ordinary differential equations that can be solved,
for a given tidal field Πki, using standard methods. For this pa-
per, we will always consider trace-free tidal perturbations Πij →
Kij,L ∝ D(t) which follow linear evolution. We integrate the full
nonlinear equations of motion Eq. (14),1 although this does not
change the results significantly for the small amplitudes of Kij,L
considered in this paper. Further, we parametrize the tidal tensor
through (again, no summation over i is implied)
Πii = Kii,L +
1
3
δL = D(t)λi , (15)
1 We use the ODE solver included in the GNU scientific library (gsl)
https://www.gnu.org/software/gsl/.
A standalone version of the algorithm to calculate the evolution ofαi, ηi for
a tidal field can be found at https://bitbucket.org/Avalon89/
toolset/overview
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Figure 2. The evolution of the relative scale factors αi for an anisotropic re-
gion with deformation tensor eigenvalues λ = (−0.7, 0.5, 0.2). The solid
line represents the solution from the ordinary differential equation Eq. (14),
while the dashed lines represent the Zel’dovich approximation. The differ-
ent axes are color coded according to the legend.
where λi is the amplitude today of the eigenvalues of the tidal ten-
sor, and throughout we consider the case δL = 0⇔ λ1+λ2+λ3 =
0. If not noted otherwise we refer to λi as the eigenvalue at z = 0.
Eq. (13) simplifies further if we treat the tidal perturbation Πij
as a small parameter, decompose
αij = δij + αˆij , (16)
and work to linear order in Πij , αˆij . This leads to
d
dt
(
a2bg ˙ˆαij
)
= −3
2
Ωm0H
2
bg,0a
−1
bg (t)Πki(t) . (17)
For reference, assuming a flat matter-dominated (Einstein-de Sit-
ter) universe and adiabatic scalar perturbation such that Πki(t) =
Πki(t0)abg(t), one simply obtains
αˆij
EdS, linear
= −Πij(t) . (18)
In the isotropic case αˆij = αˆδij , we find that αˆ = −δL/3, as
follows from mass conservation at linear order in the standard,
isotropic separate universe picture. We reiterate that our implemen-
tation and results are based on Eqs. (13)–(14), which do not assume
small tidal fields.
In Fig. 2, we show an example of the evolution of the three
scale factors. Note that λi are chosen to be quite large here for il-
lustration. As expected, at early times the Zel’dovich approxima-
tion αi(t) = 1 − λiD(t) (dashed lines) works well, while for
later times the deviation from the numerical solution of the ODE’s
(solid lines) becomes significant. Fig. 2 shows that a negative λi is
stretching (increasing the expansion) while a positive λi is squeez-
ing the simulation box (reducing the expansion).
Fig. 1 shows a visualization of the effect of a large-scale tidal
fieldKij on the structure in a small simulation box with 80 cMpc/h.
We show the results both in comoving and in physical space. In the
comoving frame (upper panel), we see that the halos are stretched
and squeezed forming ellipsoids while in the Eulerian frame (lower
panel), where the box is rescaled according to the anisotropic scale
factors αi, the halos appear spherical. This figure shows the result
of the N-body implementation which we will describe below. For
the reminder of the paper we will drop the subscript L and denote
Kij,L → Kij and δL → δ.
3 ANISOTROPIC N-BODY SIMULATION
After describing the model for the tidal field and how the
anisotropic scale factor is evolved, we now discuss the modified
equations of motion that are used to evolve the simulation, and how
they are implemented in GADGET4 (Springel in prep.), an updated
version of GADGET2 (Springel 2005).
For this we define an anisotropic comoving frame which is
related to physical coordinates by
xi,phys = xi,com · ai .
Note that our implementation is fully nonlinear in the tidal pertur-
bation, although we will focus on an application to small (linear)
tidal fields in this paper.
3.1 Equation of Motion
In the anisotropic case, the dynamics of the collisionless particles
are described by the Hamiltonian2
H =
∑
i
(
1
2mi
∑
k
p2i,k
ak(t)2
)
+
1
2
∑
i
miφ(~xi)
a(t)(αxαyαz)
(19)
with the canonical momentum pi,k = a2kmix˙i,k, where the index
k ∈ [x, y, z] defines the axis. From the Hamiltonian Eq. (19) we
obtain the equations for the change in momentum
~˙pi = −mi
2
∂iφ
abgαxαyαz
, (20)
and the potential can be calculated by solving the Poisson equation,
which in the anisotropic case is given as∑
i
α−2i ∂
2
i︸ ︷︷ ︸
≡∇′2
φ = 4piGρ0,∗δa
2
bg , (21)
where the derivative ∇′2φ is with respect to the new rescaled co-
moving coordinate, ρ0,∗ = ρ¯/(axayaz) is the mean density of the
box, ρ¯ is the mean density of the universe without the imposed tidal
field today and δ describes the overdensity. In Appendix A we give
additional code-specific modifications that need to be done for the
time step integrals used in the evolution operator in GADGET4 .
3.2 Potential Calculations
The standard gravity solver used in GADGET4 is the TreePM al-
gorithm, where the long range force is calculated using the PM
method, and the short range is computed using the Tree. We im-
plemented a full TreePM algorithm to handle the anisotropic coor-
dinates, but as our interest in this paper focuses on the large-scale
structure and the weakly nonlinear regime, we use the code in a
pure PM mode. In a subsequent paper we will focus on small scale
structure and halos using the full TreePM implementation.
On the particle mesh, the Poisson equation can be simply
solved by Fourier transforming Eq. (21). That leads to∑
α−2i k
2
i φˆ = 4piGρ0,∗δˆ , (22)
φˆ = 4piGρ0,∗
δˆ∑
α−2i k
2
i
, (23)
=: 4piGρ0,∗δˆGˆ∗(~k) (24)
2 see Springel (2005) for the isotropic case.
MNRAS 000, 1–10 (2018)
Large Scale Tidal Field 5
where G∗ denotes the Green’s function. In practice the potential
calculation on the particle mesh has to be modified by replacing the
isotropic Green’s function Gˆ(~k) = 1/(
∑
k2i ) by the anisotropic
one Gˆ∗(~k) = 1/(
∑
α−2i k
2
i ).
4 RESPONSE
Following the definition of the implementation, this section de-
scribes the property which we use to quantify the effect of the tidal
field on the large-scale structure, which we will refer to as the tidal
response function. We follow the procedures of Barreira & Schmidt
(2017a) who defined a response function for the power spectrum,
in particular the first order expansion set out in their Sec. 3.2. The
three dimensional power spectrum under the influence of a large-
scale overdensity δ and an external tidal field Kij can be written as
P (~k) = P (k)
(
1 +R1(k)δ +RK(k)kˆikˆjKij
)
(25)
where kˆ is a normalized k vector such that
(∑
i kˆ
2
i
)1/2
= 1 and
Kij is the traceless tidal tensor. This expression is valid at linear
order in δ and Kij , and is independent of the wavelength of the
large-scale perturbations, as long as it is much larger than 1/k. Fur-
ther, the response RK(k) is independent of the eigenvalues of the
deformation tensor Kij .
We write
RK(k) = GK(k)− kP
′(k)
P (k)
, (26)
where GK(k) is the growth-only tidal response and P (k) is the
mean power spectrum, i.e. in the absence of any tidal effects. The
growth-only tidal response is obtained when the modification of
the power spectrum is measured in comoving coordinates. Akitsu
et al. (2017); Barreira & Schmidt (2017a) derived at leading order
in perturbation theory,
GLOK (k) =
8
7
, (27)
which is valid on large-scales as k → 0. We will compare our
results to this result as a consistency test of the implementation.
Otherwise higher order terms need to be taken into account and we
would need to use at least the second order expansion to get an
unbiased response function. In the small amplitude regime for the
tidal field the expansion above Eq. (25) is also valid on small scales
where the structure is non-linear.
To avoid confusion, we refer to RK as the first order Eule-
rian response in the physical frame, while GK is the first order
Lagrangian response in the comoving frame which in the linear
regime is simply GK = 8/7. This Lagrangian response can be cal-
culated by applying a standard power spectrum code keeping the
box cubic (i.e., doing the power spectrum in the comoving frame).
The second term in Eq. (26) is a result of the coordinate transforma-
tion and can be evaluated full nonlinearly given a measurement (or
fitting function) of the nonlinear isotropic matter power spectrum,
and thus does not require anisotropic N-body simulations.
Our simulations use a tidal tensor defined through the eigen-
values at z = 0
(λx, λy, λz) =
(
−1
2
,−1
2
, 1
)
λz . (28)
We thus obtain
kˆikˆjKij = D(t)
(
λz kˆ
2
z − λz
2
kˆ2y − λz
2
kˆ2x
)
=
D(t)λz
2
(
3kˆ2z − 1
)
= λzD(t)Y2(µ) (29)
where Y2 is the second-order Legendre polynomial and
~ˆ
k ·~ˆz = µ =
kˆz is the cosine of the angle between the k vector and the z axis.
5 RESPONSE PREDICTIONS
We will consider two predictions for the response GK(k) on non-
linear scales. First, Barreira & Schmidt (2017a) proposed that the
shape ofGK would follow that of the growth-only density response
G1 measured in Wagner et al. (2015a), with a normalization chosen
so that the correct low-k asymptote is obtained:
GK(k) =
12
13
G1(k) . (30)
This was merely a simple ansatz to obtain numerical results forRK
(and six further second-order response functions).
Second, we derive the prediction for the nonlinear tidal re-
sponse GK(k) in the halo model (see Cooray & Sheth (2002) for a
review), paralleling the derivation of the density response in Takada
& Hu (2013), Chiang et al. (2014), and Wagner et al. (2015a).
Adopting the notation of Takada & Hu (2013), the halo model
power spectrum, PHM(k), is given by
PHM(k) = P
2h(k) + P 1h(k) (31)
P 2h(k) =
[
I11 (k)
]2
Plin(k)
P 1h(k) = I02 (k, k) ,
where Pnh(k) denotes the n-halo term,
Inm(k1, · · · km) ≡
∫
d lnM n(lnM)
(
M
ρ¯
)m
bn(M)
× u(M |k1) · · ·u(M |km) , (32)
and n(lnM) is the mass function (comoving number density per
interval in log mass), M is the halo mass, bn(M) is the n-th order
local bias parameter, u(M |k) is the dimensionless Fourier trans-
form of the halo density profile, for which we use the NFW profile
(Navarro et al. 1997) andPlin is the linear power spectrum. We nor-
malize u so that u(M |k → 0) = 1. The notation given in Eq. (32)
assumes b0 ≡ 1. u(M |k) depends on M through the scale radius
rs, which in turn is given through the mass-concentration relation.
All functions of M in Eq. (32), along with Plin, are also functions
of z although we have not shown this for clarity. In the following,
we adopt the Sheth-Tormen mass function (Sheth & Tormen 1999)
with the corresponding peak-background split bias, and the mass-
concentration relation of Bullock et al. (2001). The exact choice of
the latter only has a small impact on the predictions which does not
affect our conclusions.
Now consider the tidal response. First, the linear power spec-
trum changes according to
Plin(k)→
[
1 +
8
7
kˆikˆjKij
]
Plin(k) . (33)
Unlike the case of the response to a long-wavelength density per-
turbation, the halo number density is unchanged by a tidal field at
linear order, since it is a scalar (McDonald & Roy 2009; Mirbabayi
MNRAS 000, 1–10 (2018)
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et al. 2015; Desjacques et al. 2016). Thus, the only remaining effect
to consider is a possible change in the halo profiles.
A good zeroth-order assumption is that the inner regions of ha-
los are unaffected by the large-scale tidal field, since they virialize
and decouple from large-scale perturbations at early times. Thus,
the halo profiles are unchanged in physical coordinates, which, in
terms of our comoving coordinates, implies
u(M |~k)
∣∣∣
Kij
= u
(
M
∣∣∣ [1 +Kij kˆikˆj] k) , (34)
where we have expanded to linear order in Kij and used Eq. (18).
Equivalently, since the NFW profile u(M |k) is a function of krs,
where rs = Rvir(M)/c(M) is the scale radius and c is the concen-
tration, we can rephrase this rescaling in terms of the concentration:
c(M)
∣∣∣
Kij
=
[
1 + CKKij kˆ
ikˆj
]
c(M) , (35)
where we have introduced a constant CK to allow for a more gen-
eral behavior. An unchanged halo profile in physical coordinates
corresponds to CK = 1, since c ∝ 1/rs is the inverse of a physical
length. Clearly, we expect CK to be in the approximate range of
0 . CK . 1.
Putting everything together, we obtain
GHMK (k)PHM(k) =
8
7
[
I11 (k)
]2
Plin(k)
+CK
[
2
(
I11
)
,ln c
(k)I11 (k)PL(k) +
(
I02
)
,ln c
(k, k)
]
, (36)
where(
I11
)
,ln c
(k) =
∫
d lnM n(lnM)
(
M
ρ¯
)
b1(M)
[
∂u(M |k)
∂ ln c
]
(
I02
)
,ln c
(k, k) = 2
∫
d lnM n(lnM)
(
M
ρ¯
)2
u(M |k)
×
[
∂u(M |k)
∂ ln c
]
(37)
are the derivatives of the relevant mass integrals with respect to
the halo concentration. Note that both of these integrals scale as
k2 in the large-scale limit, so that the effect of the tidal field on
halo profiles (in comoving units) is only relevant on small scales,
as expected.
If the inner regions of halos indeed do not respond to the tidal
field in physical space (corresponding to CK = 1), then we expect
the Eulerian response to asymptote to zero at large k. Via Eq. (26),
this implies
GK(k)
k→∞−→ d lnP (k)
d ln k
, (38)
which is roughly −2. We will indeed see a change of sign in the
simulation measurements of GK(k) on small scales.
6 SIMULATION SETUP
This section is dedicated to the simulation setup and discusses the
main characteristics of the runs. To calculate the response of the
power spectrum, we consider three choices for the imposed tidal
field, two which differ in the sign of each eigenvalue, λi and one
for which all the λi are zero. For each, we consider 16 realizations
of the initial density and velocity fluctuations at our starting redshift
zinit = 127. These initial fluctuations are as expected in a fiducial
flat ΛCDM cosmology with the Planck 2015 (Planck Collabora-
tion et al. 2015) cosmological parameters, namely Ωm = 0.308,
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Figure 3. The upper panel shows a comparison of the one-dimensional
(i.e., angle-averaged) power spectrum for the three simulations using dif-
ferent tidal fields. The symbols show the mean with errorbar giving the
rms scatter among the realizations. Open circles show the case λ =
(−0.05,−0.05, 0.1), while black dots are for λ = (0.05, 0.05,−0.1),
and crosses are for runs with no tidal field. The lower panel shows the rel-
ative difference between the simulation runs including a tidal field and the
isotropic run without the influence from a tidal field. The green line with
open circles corresponds to the relative difference between the λz = 0.1
and the standard (λz = 0) while the orange line with dots represents the
difference of the λz = −0.1 with the standard run. We see that there is a
small difference that is most likely from higher order terms (Kij)2 that are
expected of the order of 1 percent.
ΩΛ = 0.692, Ωb = 0.04694, σ8 = 0.829, and h = 0.678. The
evolution from each set of initial conditions is then calculated for
each of our three choices of tidal field. This allows us to get an esti-
mate of the cosmic variance introduced by the finite size of our sim-
ulation volume. For convenience all three simulations per response
function estimate use exactly the same initial conditions, which are
computed using the standard Zel’dovich approach for an isotropic
expanding universe without imposed tidal field. We thus neglect the
influence of the large-scale tidal field at the starting redshift. This
introduces small, percent-level artefacts which we address later in
Sec. 8. Further we will introduce a fully consistent model for the
initial displacement in an “separate universe” under the influence of
a tidal field in a subsequent paper presenting the modified TreePM.
This will eliminate the forementioned artefacts. The simulations
are all run in pure PM mode with the modified Poisson equation
Eq. (24) and a grid for the PM of 20483 cells. Our simulation box
has a size of 500 cMpc/h and we use 5123 particles. With this, we
get PM cells with a size of 244 ckpc/h for the PM mesh which sets
our force resolution limit.
To separate effects coming from the tidal field from those due
to large-scale density offsets, we limit ourself to simulations with∑
i λi = 0 = δL (traceless), where the λi are the eigenvalues of
the linear deformation tensor and δL is the linear overdensity at
z = 0 for the runs including a tidal field. With this choice there are
no contributions from R1, since this part of the response is sourced
by the overdensity. Effects from a large-scale overdensity were al-
ready discussed in Wagner et al. (2015b) and Wagner et al. (2015a).
Through the implementation of the tidal tensor presented here, we
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Figure 4. Comparison of different PM grid resolutions on the convergence
for the one-dimensional power spectrum. We only show the λ = 0, case as
in the one-dimensional power spectrum all three λ cases are identical. All
runs are for a 5123 particle grid. In the upper plot we show the mean and
rms scatter from the 16 realizations as symbols and errorbars respectively.
The fiducial PM resolution of 2048 is shown as cyan symbols, while the
512 and 1024 are shown as red and black. The grey line represents the input
power spectrum for the initial conditions rescaled using the linear growth
factor and is only plotted to k ∼ 3. In the intermediate regime (10−1 6
k[h/cMpc] 6 1), the highest resolution drops in power below the smallest
resolution. The intermediate resolution is above both other resolutions for
most of the scales and converges with the other resolutions at small k. The
lower panel shows the relative difference in percent between the smaller
resolutions to the fiducial (2048) one. One can see that, on intermediate
scales, the case of 1024 cells per axis shows a significant difference to both
the lowest and highest resolved runs.
can simulate both a long-wavelength overdensity and the traceless
tidal field. Choosing all three eigenvalues λ equal (isotropic) we
have, at linear order, δ(z = 0) = λ1 + λ2 + λ3 and no tidal
field. Using this setup we ran an isotropic simulation to check the
implementation and found good agreement with the growth-only
response function G1 from separate universe simulations.
The angle averaged (one-dimensional) power spectra for the
three sets of simulations are shown in Fig. 3. The approximately
one percent difference seen for simulations of either sign of λz rel-
ative to the isotropic case is most likely due to higher-order terms
in Kij (e.g. (Kij)2), which are expected at the few-percent level.
It is sufficient to consider the case where two eigenvalues are
equal and the third is twice as large with the opposite sign so that
the imposed tidal field is characterized by a single parameter. For
the numerical calculation of the response we symmetrically com-
bine the three simulations run from each set of initial conditions
(see below). We thus end up with three simulations per measure-
ment of GK and a total of 48 simulations for the full set.
To see the convergence and the scale where resolution effects
become important, we run two more sets with the same particle
number and initial conditions but with different PM resolution. The
first set has 5123 cells, while the second has 10243 cells. The com-
parison can be seen in Fig. 4 and Fig. 5, where we show the one-
dimensional power spectrum and response function, respectively,
for each force resolution. The response function and power spec-
trum are computed using a Fourier grid of 10243 cells that is un-
changed for all PM resolutions. We note that the power spectra and
response functions of such pure PM simulations do not vary mono-
tonically as the resolution is changed. This produces the offset in
the response function for the 10243 cells run compared to the other
two force resolutions. This is also true for the one-dimensional
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Figure 5. Comparison of the mean for two sets of simulations with varying
PM grid cells. The filled and open circles represent the mean of the (10243)
and small (5123) grid respectively. Furthermore, the crosses show the fidu-
cial 20483 grid for the PM calculation. The shaded areas represents the 25
to 75 percentiles for each set of 16 realizations. The horizontal blue line
in the upper panel shows the linear prediction from Akitsu et al. (2017).
The vertical black dashed line (k ∼ 3.) represents the particle Nyquist fre-
quency which is also the Nyquist frequency for the smaller PM grid.
power spectrum Fig. 4, which does show that changing the force
resolution (PM grid size) influences the power spectrum. The 5123
and 20483 cell runs agree quite well on most scales while the 10243
cell simulation is above both of them for nearly all scales. We see
that the response function agrees for all three force resolutions up to
k ∼ 1.3 h/cMpc at roughly the ten percent level. However, larger
departures are seen on smaller scales (higher k), most likely due to
anisotropic force-softening effects.
Given the unclear state of convergence of the PM results on
very small scales evidenced in Fig. 5, we will limit ourselves to
wavenumbers of k 6 2h/cMpc in our discussions and in our main
results, Figs. 6 and 7.
7 MEASUREMENT
We measure the response by computing the 3D power spectrum in
the standard simulation without tidal field (λi = 0 ∀i) and in two
runs with symmetric eigenvalues λi,A = −λi,B where the second
index represents the simulation. Those three runs all originate from
the same initial conditions. We use a Fourier grid for the power
spectrum calculation of 1024 per axis which gives us a Nyquist
frequency of kNyquist = 6.43 h/cMpc.
To minimize effects from the initial conditions, we take the
difference of simulations A and B and divide by the run without a
tidal field. Using this in Eq. (25) and taking into account the an-
gular dependence by multiplying both sides with the second order
Legendre polynomial Y2(µ), we find
GK(a) =
〈(
P (~k|λz,A)− P (~k|λz,B)
)
Y2(µ)
〉
〈P (~k|λz = 0)Y 22 (µ) ·D(a) (λz,A − λz,B)︸ ︷︷ ︸
≈2λz
〉
(39)
where the 〈...〉 denote angle-averaging, and λz,A = −λz,B > 0.
Here we weight both sides with Y2(µ), as this optimally extracts
the tidal response signal following Eq. (29). The final step is to
average the response Eq. (39) over the 16 realisations. Eq. (39) is
unbiased up to corrections of order (Kij)2, which, for our choice
of λz , are on the order of 1 percent.
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Figure 6. The measured growth-only (GK ) and full (RK ) tidal response from our anisotropic N-body simulations. The black symbols show the z = 0 mean
of the 16 realizations forGK , and the errorbars represent the standard deviation, where the larger errorbar around k ∼ 0.05h/cMpc is due to the substantially
fewer modes compared to neighboring bins. The 25 to 75 percentiles are shown as grey band. The green line with dots shows RK constructed via Eq. (26)
from the measured GK along with the logarithmic derivative of the power spectrum using CosmicEMU (Heitmann et al. 2016). The horizontal solid blue line
shows the perturbation-theory prediction from Akitsu et al. (2017), while the red line represents the extrapolation from Barreira & Schmidt (2017a), using G1
from Wagner et al. (2015a). Finally, the halo model prediction described in Sec. 5 is shown as orange shaded area, where the outlines are showing the result
for CK = 0 and CK = 1.
8 RESULTS
In this section, we will discuss our findings for the growth-only
response from the N-body simulations. From the measured re-
sponse which is shown in Fig. 6, we see the expected behavior
on large scales, a constant following the perturbation-theory pre-
diction of GK = 8/7. On smaller scales we expect deviations
from this due to nonlinear structure formation, which can be seen
at k & 0.3 h/cMpc (scales of 2pi/k . 21 cMpc/h) for z = 0,
where the response function starts to decline strongly.
We also compare our simulation results with the predictions
for the extrapolated GK in Barreira & Schmidt (2017a) which is
given by GK = 12/13G1(k) and shown as red line in Fig. 6.
Unlike this extrapolation, the tidal response is not enhanced on
intermediate scales but rather always suppressed with respect to
the large-scale limit. We also show the predictions of the simple
halo model (Sec. 5). We see that the halo model does describe the
features of the measured response. The predicted suppression in
the non-linear regime is however somewhat steeper and occurs at
somewhat smaller k than seen in the N-body simulation. This is
most likely a consequence of the simplistic assumptions made in
the halo model, especially the assumption that all parts of the halo
profile (the infall region as well as the inner core) respond equally
weakly to the tidal field. Within the halo model, the key difference
betweenGK and the density responseG1 is that a long-wavelength
tidal field does not change the number of halos (at linear order),
while a long-wavelength density perturbation does.
The shift between the N-body simulation and the simple halo
model suggests that the outer parts of halos as well as their environ-
ment, which are in the mildly non-linear regime, are significantly
affected by a large-scale tidal field. But as this regime is not deter-
mined by halos alone, this needs further investigation which will
be the subject of further study focusing on intermediate and small
scales as well as halo alignments.
On very small scales, k & 1.2 h/cMpc, Fig. 6 shows that the
first order tidal response changes sign and becomes negative. Fol-
lowing the discussion in Sec. 5, this is expected if the inner regions
of halos are only weakly affected by tidal fields. In the extreme
limit, we expect GK(k) = d lnP (k)/d ln k ≈ −2. In order to
study the behaviour of GK in this regime, the full TreePM code
will be necessary.
Finally, using the first-order Lagrangian response function
GK we can calculate the first-order Eulerian response function
RK by subtracting the logarithmic derivative of the power spec-
trum derived from simulations without large-scale tidal field (see
Eq. (26)). The tidal field response function in physical space RK is
the one relevant for actual observations such as the power spectrum
covariance. As the derivative of the power spectrum from simula-
tions is normally noisy at large scales we choose to use emulated
data for the one-dimensional power spectrum, calibrated on a much
larger simulation data set and computed using the same cosmolog-
ical parameters as our simulations. Specifically, we take the one-
dimensional power spectrum from CosmicEMU (Heitmann et al.
2016) and calculate its logarithmic derivative. The result is shown
in Fig. 6 as the green line.
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Figure 7. Tidal response at higher redshifts: z = 1.89 (black symbols), z = 0.98 (magenta symbols), z = 0.46 (green symbols) and z = 0 (blue crosses). The
blue line shows the perturbation-theory prediction from Akitsu et al. (2017). The shaded regions gives the 25 to 75 percentiles from the different realizations
for the high redshift measurements. We see that the non-linear regime evolves as expected, moving to lower k values with decreasing redshift. There is a hint
that at higher z the response function at k ∼ 0.6h/cMpc increases. However, this could be due to a decaying mode from the initial conditions.
In addition to the z = 0 response function discussed so far, we
can look at earlier epochs. We use four additional snapshots at z ∼
0.5, z ∼ 1 and z ∼ 2, shown in Fig. 7. The wavenumber where
the result deviates from the perturbation-theory prediction shifts to
higher k values with increasing redshift as expected (e.g. kbreak ≈
0.7 h/cMpc at z ∼ 2). The deviation from the perturbation-theory
prediction on the largest scales, which grows with redshift, is likely
an artefact of the initial conditions that are taken to be identical for
all simulations irrespective of the large-scale tidal field. As a result,
the initial response is forced to be GK = 0 whereas it should,
in fact be GK = 8/7. This introduces a mismatch in the linear
growing mode of order D(zinit)/D(z), where zinit = 127 is the
starting redshift of the simulations.
Further, at higher redshifts z we see the appearance of a bump
at scales of k ∼ 0.5 − 0.6 h/cMpc, which is most likely a de-
caying mode sourced by the unchanged velocity field in the initial
conditions. This is clearly a problem if one is interested in the early
evolution of the response function, although the expected effect at
z = 0 is at the percent level, as mentioned above. This issue will
be addressed in a followup study.
9 SUMMARY
We have simulated the effect of a large-scale tidal field on struc-
ture formation in a ΛCDM background cosmology using a modi-
fied version of GADGET4 with a PM force calculation adapted to an
anisotropic background metric Eq. (4). The implementation is fully
nonlinear in the amplitude of the anisotropy.
As a first applicaltion, we computed the first order growth-
only tidal response function GK induced by this tidal field in the
power spectrum, up to k ' 2 h/cMpc, using symmetric runs for
the tidal field (λi,1 = −λi,2), and recovered the predictions from
perturbation theory on large scales. Going to smaller scales, the
extrapolation using the growth only response function G1 for over-
densities from Wagner et al. (2015a) does not fit our measurements.
In contrast to the interpolated solution, we find a suppression of the
response on small scales compared to the large-scale value, which
can be described approximately by the simple halo model in Sec.
5. The agreement with the simple halo model prediction is far from
perfect however, signaling a tidal response of halos that is different
in the inner and outer regions. A detailed analysis of this exceeds
the scope of this paper, and will be the subject of an upcoming
paper. We also show the first order Eulerian response RK in Fig.
6 which was computed through the sum of GK and the logarith-
mic derivative of the isotropic power spectrum from CosmicEMU
using the same background cosmology parameters as our simula-
tions. This can now be used, for instance, in calculations of the
covariance of the nonlinear matter and weak lensing shear power
spectra.
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APPENDIX A: MODIFIED EVOLUTION OPERATOR
This appendix is meant to give some code specific details for the
implementation of anisotropic scale factors. In GADGET4 , the par-
ticles are evolved using a standard kick-drift-kick (KDK) leapfrog
algorithm where the drift (D), kick (K) and the final evolution (E)
operators are given as (Springel 2005)
E(∆t) = K
(
∆t
2
)
D(∆t)K
(
∆t
2
)
(A1)
Dt(∆t) :
{
~pn → ~pn
~xn → ~xn + ~pnmn
∫ t+∆t
t
dt
a2
(A2)
Kt(∆t) :
{
~xn → ~xn
~pn → ~pn + ~fn
∫ t+∆t
t
dt
a
(A3)
where we have the drift and kick integrals and the force ~fn =
−∑jmnmj∇nφ(xnj). In the two integrals contained in the op-
erators we have factors of a which need to be translated to the
anisotropic case. The transformed integrals to the actual time vari-
able a used in GADGET4 are
Ikick = I1 =
∫ t+∆t
t
a−1dt =
∫ a(t+∆t)
a(t)
1
a
1
H(a)a
da (A4)
Idrift = I2 =
∫ t+∆t
t
a−2dt =
∫ a(t+∆t)
a(t)
1
a2
1
H(a)a
da (A5)
which is the actual integral solved. Now we can change the scale
factors to the anisotropic scale factors and end up with the cor-
responding integrals, keeping in mind that the factor H(a)a is a
switch from time to scale factor in the integration and is therefore
unchanged. The new integrals in general depend now on the axis
along which the integration is done, and we end up with six inte-
grals (three for the kick and three for the drift) of the form
I1 = α
−1
i
∫ abg(t+∆t)
abg(t)
1
H(abg)a2bg
(A6)
I2 = α
−2
i
∫ abg(t+∆t)
abg(t)
1
H(abg)a3bg
. (A7)
We moved the αi’s out of the integral under the assumption that
the change in the time step is small, which is reasonable for most
sensible cases of the tidal field3. By moving α from the integral, we
can absorb it for the kick integral in the force calculation and end
up with the standard integral which reduces computation overhead.
This paper has been typeset from a TEX/LATEX file prepared by the author.
3 We also implemented a version where I2 is integrated fully without that
assumption showing only a very minor difference.
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